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Lqgh{dwlrq ri Xqhpsor|phqw Ehqhwv wr
Suhylrxv Hduqlqjv/ Hpsor|phqw dqg Zdjhv
E| Exunkdug Khhud> dqg Doeuhfkw Prujhqvwhuqe
dXqlyhuvlw| ri Pxqlfk dqg FHVlir
eXqlyhuvlw| ri Erqq
MHO fodvvlfdwlrq= H57/ M63/ M6;/ M55
Nh| zrugv= Xqhpsor|phqw Ehqhwv/ Surjuhvvlyh Lqgh{dwlrq/ Xqlrq Zdjh0
Vhwwlqj/ Vhdufk Xqhpsor|phqw/ H!flhqf| Zdjhv
Devwudfw=
Lq prvw RHFG frxqwulhv/ xqhpsor|phqw ehqhwv duh wlhg wr lqglylgxdo suhylrxv
oderu hduqlqjv1 Zh vwxg| wkh surjuhvvlylw| ri wklv lqgh{dwlrq zlwk uhjdug wr lwv
hhfwv rq hpsor|phqw/ rxwsxw dqg zdjhv lq irxu htxloleulxp prghov ri wkh oderu
pdunhw nhhslqj wkh ohyho ri xqhpsor|phqw ehqhwv {hg1 Lq wkh wzr fdvhv ri
frpshwlwlyh oderu pdunhwv dqg ghfhqwudol}hg zdjh edujdlqlqj/ hpsor|phqw dqg
rxwsxw lqfuhdvh/ zkloh zdjhv ghfuhdvh zlwk wkh ghjuhh ri lqgh{dwlrq1 Lq wkh prgho
zlwk vhdufk xqhpsor|phqw dqg Qdvk zdjh edujdlqlqj/ doo zdjhv/ hpsor|phqw dqg
rxwsxw lqfuhdvh/ zkloh wkh lqgh{dwlrq ri hpsor|phqw ehqhwv wr suhylrxv hduqlqjv
kdv qr hhfw lq wkh fdvh ri h!flhqf| zdjhv1 Lq dgglwlrq/ rxu uhvxowv vxjjhvw wkdw d
pruh surjuhvvlyh lqgh{dwlrq ri xqhpsor|phqw ehqhwv wr oderu hduqlqjv lv zhoiduh0
hqkdqflqj1

Fruuhvsrqglqj dxwkru= Xqlyhuvlw| ri Pxqlfk/ Ghsduwphqw ri Hfrqrplfv/ Vhplqdu iru
Oderu dqg Srsxodwlrq Hfrqrplfv/ Oxgzljvwu1 5; UJ/ ;386< Pxqlfk/ Jhupdq|/ hpdlo=
Exunkdug1KhhuCvhodsr1yzo1xql0pxhqfkhq1gh
4 Lqwurgxfwlrq
Xqhpsor|phqw lqvxudqfh +XL, vfkhphv duh d glvwlqfwlyh ihdwxuh ri prg0
huq hfrqrplhv dqg kdyh ehhq iuhtxhqwo| uhfrjql}hg wr sod| dq lpsruwdqw
uroh lq ghwhuplqlqj oderu pdunhw rxwfrphv +iru dq ryhuylhz/ vhh Iuhgulnv0
vrq2Kropoxqg/ 4<<;,1 Wkh jhqhudo dujxphqw xvxdoo| sxw iruzdug lv wkdw
xqhpsor|phqw ehqhwv lpsuryh wkh sd|r iurp qrw zrunlqj dqg ghfuhdvh
wkh lqfhqwlyhv wr vxsso| oderu1 Dv d uhvxow/ zdjhv lqfuhdvh dqg hpsor|phqw
idoov1 Wklv dujxphqw/ krzhyhu/ rqo| wdnhv d qduurz ylhz ri srvvleoh XL hhfwv
rq hpsor|phqw dqg zdjhv dv lw frqvlghuv wkh ohyho ri ehqhwv wr eh h{rjh0
qrxv14 Lq uhdolw|/ xqhpsor|phqw ehqhwv duh xvxdoo| hqgrjhqrxv dv wkh| duh
lqgh{hg wr suhylrxv hduqlqjv1 Lw lv d frpprq ihdwxuh ri prghuq XL v|vwhpv
wkdw wkh ehqhw ohyho lv/ dw ohdvw wr vrph h{whqw/ wlhg wr wkh odvw zdjh uhfhlyhg
gxulqj hpsor|phqw1 Wkh forvhu srvvleoh ixwxuh xqhpsor|phqw ehqhwv duh
wlhg wr oderu lqfrph/ wkh kljkhu zloo eh wkh lqfhqwlyh hhfw wr vxsso| oderu
gxulqj wlphv ri hpsor|phqw1
Lq rxu prgho/ xqhpsor|phqw ehqhwv ghshqg rq suhylrxv oderu hduqlqjv1
Zh lqyhvwljdwh wkh hhfwv ri dq lqgh{dwlrq ri xqhpsor|phqw ehqhwv lq wkh
iudphzrun ri irxu vlpsoh wkhruhwlfdo oderu pdunhw uhsuhvhqwdwlrqv1 Zh lq0
wurgxfh XL sd|phqwv zklfk frqvlvw ri erwk d oxps vxp frpsrqhqw dqg d
frpsrqhqw sursruwlrqdo wr suhylrxv oderu lqfrph lqwr d frpshwlwlyh oderu
pdunhw prgho/ d prgho zlwk ghfhqwudol}hg edujdlqlqj ri xqlrqv/ d oderu pdu0
nhw prgho zlwk vhdufk iulfwlrqv dqg dq h!flhqf| zdjh prgho1 Frpsdudwlyh
vwdwlfv lq sduwldo htxloleulxp zkhuh zh gr qrw frqvlghu wkh qdqflqj ri wkh
XL sd|phqwv lpso| xqdqlprxv uhvxowv/ qdpho| wkdw/ iru d jlyhq ehqhw ohyho/
d kljkhu lqgh{dwlrq ri XL ehqhwv ohdgv wr orzhu zdjhv dqg wkxv kljkhu hp0
sor|phqw lq wkh uvw wkuhh vhwwlqjv1 Lq frqwudvw/ wkhuh lv qr lpsdfw dw doo li
xqhpsor|phqw lv fdxvhg e| upv vhwwlqj h!flhqf| zdjhv dv wkh rswlpl}lqj
ehkdylru ri wkh upv lv qrw dhfwhg1
Zh ixuwkhu hqgrjhql}h wkh qdqflqj ri wkh xqhpsor|phqw lqvxudqfh sd|0
phqwv1 Wkh jryhuqphqw uxqv d edodqfhg exgjhw vr wkdw dq lqfuhdvh lq wrwdo
vshqglqj rq xqhpsor|phqw lqvxudqfh qhfhvvlwdwhv dq htxdo lqfuhdvh lq uhy0
hqxhv iurp oderu lqfrph wd{dwlrq +wkh lqfrph wd{hv fdq htxdoo| lqwhusuhwhg
dv xqhpsor|phqw lqvxudqfh frqwulexwlrqv,1 Jlyhq wkh edodqfhg0exgjhw frq0
vwudlqw iru wkh jryhuqphqw/ krzhyhu/ wzr frxqwhu0ydlolqj hhfwv rq wkh wd{
4
D fulwlfdo dqg frpsuhkhqvlyh uhylhz ri wkh dqdo|vlv ri xqhpsor|phqw frpshqvdwlrq
lv jlyhq e| Dwnlqvrq2Plfnohzuljkw +4<<4,1 Iru wkh ihdwxuhv ri wkh glhuhqw XL vfkhphv lq
sudfwlfh vhh RHFG +4<<4/ 4<<9,1
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edvh rffxu= +l, rq wkh rqh kdqg/ kljkhu lqgh{dwlrq uhvxowv lq kljkhu hpsor|0
phqw/ zkloh ll, rq wkh rwkhu kdqg/ zdjhv pd| ghfuhdvh1 Wkh qhw hhfw rq
wd{ uhyhqxhv lv dpeljxrxv dqg ghshqgv rq ixqgdphqwdo sdudphwhuv fkdudf0
whul}lqj wkh suhihuhqfhv ri wkh krxvhkrogv dqg wkh xqhpsor|phqw lqvxudqfh
vfkhph1 Dv wklv dpeljxlw| fdqqrw eh uhvroyhg dqdo|wlfdoo|/ zh iroorz Slv0
vdulghv +4<<;, lq fkrrvlqj sodxvleoh sdudphwhuv wr *hvwlpdwh* wkh vljq ri wkh
ryhudoo hhfw ri kljkhu zdjh lqgh{dwlrq ri XL ehqhwv rq wd{ uhyhqxhv dqg/
frqvhtxhqwo|/ rq wkh htxloleulxp wd{ udwh/ hpsor|phqw dqg zdjhv1 Zh vwloo
qg d srvlwlyh lpsdfw ri lqgh{dwlrq rq hpsor|phqw lq frpshwlwlyh oderu pdu0
nhwv dv zhoo dv lq wkh xqlrq edujdlqlqj dqg vhdufk xqhpsor|phqw prgho1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh oderu ghpdqg
vlgh ri wkh prgho1 Vhfwlrq 6 wr 9 frqvlghu wkh frpshwlwlyh oderu pdunhw/
ghfhqwudolvhg xqlrqv/ vhdufk xqhpsor|phqw dqg h!flhqf| zdjhv/ uhvshfwlyho|1
Vhfwlrq : frqfoxghv1
5 Wkh ghpdqg iru oderu
Iroorzlqj Slvvdulghv +4<<;,/ zh glvwlqjxlvk irxu htxloleulxp prghov ri wkh
oderu pdunhw= wkh frpshwlwlyh oderu pdunhw/ xqlrq zdjh edujdlqlqj/ vhdufk
xqhpsor|phqw dqg h!flhqf| zdjhv1 Zkloh wkh uvw prgho lv lqwhqghg wr
vwxg| yduldwlrq lq wkh lqglylgxdo oderu vxsso| ?| dorqj wkh lqwhqvlyh pdujlq/
wkh odwwhu wkuhh prghov ihdwxuhv yduldwlrq lq wkh djjuhjdwh oderu vxsso| |
zkhuh wkh lqglylgxdov hlwkhu zrun ixoo wlph +qrupdol}hg wr rqh, ru qrw dw doo1
Zlwk wkh h{fhswlrq ri wkh frpshwlwlyh oderu pdunhw fdvh dqg wkh vshflfd0
wlrq ri xqhpsor|phqw lqvxudqfh/ zh xvh wkh vdph prgho vshflfdwlrq dv lq
Slvvdulghv +4<<;,1 Iru wklv uhdvrq/ zh zloo nhhs wkh h{srvlwlrq ri wkh prgho
udwkhu eulhi dqg uhihu wkh lqwhuhvw uhdghu wr Slvvdulghv +4<<;,1
Ohw | ' fc c    lqgh{ wlph1 Dw hdfk gdwh |/ wkhuh lv d vlqjoh qdo frpprglw|
zklfk lv surgxfhg xvlqj d frqvwdqw uhwxuqv wr vfdoh whfkqrorj| zlwk fdslwdo
&| dqg oderu | dv lqsxwv1 Dq| djhqw xvlqj &| xqlwv ri fdslwdo dqg | xqlwv
ri oderu fdq surgxfh 8 E&|c | xqlwv ri wkh qdo jrrg dw |1 Zh dvvxph wkdw
8 E kdv wkh iroorzlqj FHV irup=
+|  8 E&|c | ' 

k&
j3
j
| n E k
j3
j
|
 j
j3
c j : f +4,
 lv d whfkqrorj| sdudphwhu dqg j : f lv wkh hodvwlflw| ri vxevwlwxwlrq eh0
wzhhq oderu dqg fdslwdo1 Surw pd{lpl}dwlrq lpsolhv wkh iroorzlqj uvw0rughu
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zkhuh | dqg  ghqrwh wkh zdjh udwh lq shulrg | dqg wkh zdjh wd{ udwh/
uhvshfwlyho|1 Iroorzlqj Slvvdulghv +4<<;,/ zh vhw wkh fdslwdo vwrfn &| ' 
frqvwdqw lq hyhu| shulrg | dv zh gr qrw vwxg| fdslwdo dffxpxodwlrq1
6 Frpshwlwlyh oderu pdunhwv
Ilupv dqg krxvhkrogv duh dvvxphg wr eh sulfh wdnhuv dqg zdjhv duh vhw dw wkh
ohyho zkhuh wkh oderu pdunhw fohduv1 Wkh glhuhqfh ehwzhhq wkh h{rjhqrxv
wlph hqgrzphqw/ zklfk lv qrupdol}hg wr rqh/ dqg wkh ohyho ri oderu vxsso|
?| lv lqwhusuhwhg dv xqhpsor|phqw1 Frqwudu| wr Slvvdulghv +4<<;,/ zh gr
qrw dvvxph wkdw wkh wlph qrw vshqw rq oderu/  ?|/ jhqhudwhv lqfrph htxdo
wr E  ?|K|/ zkhuh K| ghqrwhv xqhpsor|phqw ehqhwv1 Zh gr qrw eholhyh
wklv dvvxpswlrq wr eh d uhdolvwlf ghvfulswlrq ri wkh xqhpsor|phqw frpshq0
vdwlrq v|vwhp lq prvw RHFG frxqwulhv1 Dq lqfuhdvh ri ohlvxuh wlph grhv qrw
uhdolvwlfdoo| uhvxow lq dq lqfuhdvh ri xqhpsor|phqw ehqhwv/ exw udwkhu wkh
rssrvlwh krogv1
Rxu dujxphqw lv dv iroorzv1 Dvvxph wkdw djhqwv idfh dq h{rjhqrxv sured0
elolw| wr eh hpsor|hg +xqhpsor|hg,/ zklfk lv ghqrwhg e| R E  R1 Dvvxph
ixuwkhu wkdw dq djhqw zkr zdv hpsor|hg lq shulrg |   hduqlqj |3?|3/
exw orrvhv klv mre lq shulrg |/ lv hqwlwohg wr xqhpsor|phqw frpshqvdwlrq dw
wkh dprxqw ri K| '  n i|3?|3/  : f/ f 	 i 	 / l1h1 klv xqhpsor|0
phqw ehqhwv duh lqgh{hg wr klv suhylrxv oderu lqfrph1 Zh mxgjh wklv wr
eh d pruh vdwlvi|lqj dvvxpswlrq zlwk uhjdug wr wkh ohyho ri xqhpsor|phqw
ehqhwv frpsduhg wr wkh rqh ri Slvvdulghv/ dv lw dffrugv forvho| zlwk h{lvw0
lqj xqhpsor|phqw frpshqvdwlrq v|vwhpv lq wkh RHFG/ dv h1j1 uhylhzhg e|
Dwnlqvrq2Plfnohzuljkw +4<<4,1 Reylrxvo|/ lq rxu vshflfdwlrq/ dq lqfuhdvh
ri ohlvxuh grhv qrw lpso| kljkhu xqhpsor|phqw ehqhwv1
Zh ixuwkhu dqdo|}h d olqhdu xqhpsor|phqw ehqhw vfkhgxoh zlwk oxps0vxp
wudqvihuv  : f dv prghuq xqhpsor|phqw frpshqvdwlrq v|vwhp dovr uhglv0
wulexwh lqfrph iurp kljk0lqfrph wr orz0lqfrph krxvhkrogv15 Iru h{dpsoh/
5
D fodvvlfdwlrq ri RHFG frxqwulhv dffruglqj wr wkh sursruwlrqdolw| ri wkhlu xqhp0
sor|phqw frpshqvdwlrq v|vwhp zlwk uhjdug wr suhylrxv hduqlqjv fdq eh irxqg lq RHFG
+4<<4,1
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prvw frxqwulhv surylgh xqhpsor|phqw frpshqvdwlrq zklfk frqvlvwv ri xqhp0
sor|phqw lqvxudqfh dqg/ li wkh krxvhkrog lqfrph lv wrr orz/ vrfldo dvvlvwdqfh1
Frqvhtxhqwo|/ hyhq frxqwulhv zlwk d sursruwlrqdo hduqlqjv0uhodwhg ehqhw
vxfk dv Jhupdq| ru wkh Xqlwhg Vwdwhv hhfwlyho| surylgh d plqlpxp lqfrph
+hyhq wkrxjk wkh h{shqglwxuhv rq xqhpsor|phqw frpshqvdwlrq pljkw eh 0
qdqfhg e| glhuhqw jryhuqphqw hqwlwlhv> h1j1 lq Jhupdq|/ xqhpsor|phqw
lqvxudqfh lv surylghg e| wkh ihghudo jryhuqphqw/ zkloh vrfldo dvvlvwdqfh lv
sdlg iru e| wkh orfdo jryhuqphqw,1 Lq dgglwlrq/ h{lvwlqj xqhpsor|phqw frp0
shqvdwlrq v|vwhpv dovr vshfli| d pd{lpxp ehqhw ohyho/ h1j1 lq Jhupdq| ru
lq Iudqfh1 Dv wkh fhqwudo sureohp ri wklv vwxg|/ zh h{dplqh krz d fkdqjh lq
wkh surjuhvvlylw| ri wkh xqhpsor|phqw frpshqvdwlrq v|vwhp dhfwv htxlole0
ulxp hpsor|phqw dqg zdjhv/ l1h1 krz d fkdqjh lq i zklfk lv frpshqvdwhg iru
e| d fkdqjh lq  lq rughu wr nhhs K xqfkdqjhg dhfwv djjuhjdwh hpsor|phqw
 dqg zdjhv 1
Wkh xwlolw| ixqfwlrq ri wkh krxvhkrog lq shulrg | lv d ixqfwlrq ri erwk frq0
vxpswlrq S| dqg ohlvxuh   ?|1 Lq sduwlfxodu/ h{shfwhg xwlolw| lv vshflhg
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Zh dvvxph wkdw krxvhkrogv gr qrw vdyh vr wkdw wkh| frqvxph doo wkhlu lqfrph1
Li hpsor|hg/ frqvxpswlrq dprxqwv wr Se| ' E   ?|/ dqg li xqhpsor|hg/
frqvxpswlrq idoov wr S| ' K|1 Krxvhkrogv pd{lpl}h h{shfwhg xwlolw| zlwk
uhjdug wr wkhlu oderu vxsso| ?|1 Lq htxloleulxp/ oderu vxsso| ri hpsor|hg
djhqwv dqg zdjhv dv zhoo dv XL ehqhwv duh frqvwdqw/ ?| ' ?/ | '  dqg
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Zh dvvxph krxvhkrogv wr eh ri phdvxuh rqh vr wkdw/ lq htxloleulxp/ djjuhjdwh
hpsor|phqw lv htxdo wr  ' R?1 Wkh suredelolw| wr qg d mre R lv h{rjhqrxv
lq wklv vhfwlrq1 Lq wkh iroorzlqj vhfwlrqv/ wkh hpsor|phqw suredelolw| R lv
hqgrjhqrxv dv zh zloo frqvlghu xqlrq zdjh vhwwlqj/ vhdufk xqhpsor|phqw
dqg h!flhqf| zdjhv1 Ixuwkhupruh/ wkh xqhpsor|phqw frpshqvdwlrq v|vwhp
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lv qdqfhg e| wd{hv rq oderu lqfrph vxfk wkdw wkh jryhuqphqw exgjhw lv
edodqfhg lq hyhu| shulrg=
R? ' E  RKc +8,
K '  n i? +9,
Wkh frpshwlwlyh oderu pdunhw prgho fdqqrw eh vroyhg dqdo|wlfdoo|1 Iroorzlqj
Slvvdulghv +4<<;,/ zh fkrrvh vwuxfwxudo sdudphwhuv iru rxu prgho zklfk duh
vwdqgdug dqg zklfk duh ghvfulehg lq pruh ghwdlo lq wkh dsshqgl{1
Uhvxow 4= Jlyhq rxu hpslulfdoo| sodxvleoh fkrlfh ri wkh sdudph0
whu vsdfh/ pruh surjuhvvlyh lqgh{dwlrq ri xqhpsor|phqw ehqhwv
wr sdvw lqglylgxdo oderu hduqlqjv +nhhslqj xqhpsor|phqw ehqhw
ohyhov frqvwdqw, lqfuhdvhv hpsor|phqw ? dqg rxwsxw + dqg gh0
fuhdvh zdjhv 1 Wklv krogv iru erwk sduwldo htxloleulxp dqdo|vlv
+zkhuh zh qhjohfw wkh jryhuqphqw exgjhw frqvwudlqw, dv zhoo dv
jhqhudo htxloleulxp dqdo|vlv +zkhuh wkh qdqflqj ri XL ehqhwv
lv wdnhq lqwr frqvlghudwlrq,1
Surri=
+4,0+9, duh vl{ vlpxowdqhrxv htxdwlrqv lq wkh hqgrjhqrxv yduldeohv q/
z/ |/  / E dqg Hixj1 Iurp wkh htxdwlrq v|vwhp/ zh fdq hdvlo| ghulyh
wkh sduwldo ghulydwlyhv Y?
Yi
/ Y+
Yi
/ Y
Yi
dqg
Y.t
Yi
1 Dv wkhuh duh qr fohdu0
fxw dqdo|wlfdo uhvxowv zlwk uhjdug wr wkh ghulydwlyhv* vljqv/ zh kdyh
vlpxodwhg wkuhh fdvhv iru glhuhqw ydoxhv ri ohlvxuh sdudphwhuv dqg
hpsor|phqw suredelolwlhv1 Vhh dsshqgl{ iru ghwdlov1
Wkh xqghuo|lqj dujxphqw lv txlwh reylrxv1 Dv wkh lqgh{dwlrq ri wkh xqhp0
sor|phqw ehqhw jrhv xs vr grhv wkh rssruwxqlw| ri krxvhkrogv wr lqfuhdvh
wkhlu lqfrph dqg frqvxpswlrq lq wlphv ri xqhpsor|phqw e| zrunlqj pruh
krxuv zkhq wkh| duh vwloo rq wkh mre1 Wklv lqfhqwlyh wr zrun iru d juhdwhu sduw
ri wkh dydlodeoh wlph uhvxowv lq d kljkhu ryhudoo oderu vxsso| dqg wkxv orzhu
zdjhv1 Wkh hhfw rq h{shfwhg xwlolw| lv dpeljxrxv1 Lq rxu vshflfdwlrq/
li wkh krxvhkrog kdv vwurqj suhihuhqfhv iru frqvxpswlrq uhodwlyh wr ohlvxuh
+q ' f.,/ li xqhpsor|phqw lv dw 43 shufhqw ER ' fb dqg li krxvhkrogv rhu
derxw ;3 shufhqw ri wkhlu dydlodeoh wlph rq wkh oderu pdunhw/ zh qg d qhjd0
wlyh lpsdfw ri d ulvh ri i rq h{shfwhg xwlolw| .ij1 Krzhyhu/ li frqvxpswlrq
dqg ohlvxuh duh dssuhfldwhg wr wkh vdph h{whqw +l1h1 q ' fD, dqg krxvhkrogv
9
rhu rqo| derxw kdoi ri wkhlu dydlodeoh wlph/ h{shfwhg xwlolw| lqfuhdvhv +iru
erwk R ' .fI dqg R ' bfI,1 Wkh odwwhu fdvh zlwk q ' fD vhhpv d pruh
sodxvleoh vfhqdulr/ krzhyhu/ dv djhqwv xvxdoo| gr qrw zrun pruh wkdq 83( ri
wkhlu dydlodeoh wlph lq prghuq lqgxvwuldol}hg frxqwulhv1 Iru h{dpsoh/ prvw
jhqhudo htxloleulxp prghov lq wkh hqgrjhqrxv jurzwk ru uhdo exvlqhvv f|foh
olwhudwxuh fdoleudwh wkhlu prghov lq rughu wr lpso| d vwhdg|0vwdwh oderu vxsso|
htxdo wr 63( ru * ri wkh wrwdo wlph hqgrzphqw +vhh/ h1j1/ Frroh|/ 4<<8,1
7 Ghfhqwudol}hg xqlrqv
Xqlrqv duh ghfhqwudol}hg vr wkdw hdfk up qhjrwldwhv zlwk d vlqjoh xqlrq
dqg wkdw wkh qhjrwldwlqj sduwqhuv gr qrw dvvxph wr h{huw dq| lq xhqfh rq
djjuhjdwh hpsor|phqw1 Wkh up dqg wkh xqlrq edujdlq ryhu zdjhv1 Iro0
orzlqj Slvvdulghv +4<<;,/ zh dsso| wkh xwlolwduldq dssurdfk dqg dvvxph wkh
iroorzlqj xqlrq remhfwlyh ixqfwlrq=6
T ' ?

3
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c +:,
zkhuh6 lv xqlrq phpehuvkls dqg ? lv xqlrq hpsor|phqw E? 	 61  dqg
 ghqrwh wkh zdjh udwh qhjrwldwhg ehwzhhq wkh xqlrq dqg wkh up lq vhfwru
 dqg wkh zdjh udwh hovhzkhuh/ uhvshfwlyho|1 Wkh xqlrq remhfwlyh ixqfwlrq
frqvlghuv wkh xwlolw| ri wkhlu zrunhuv hpsor|hg lq vhfwru / zkr uhfhlyh zdjh
/ dqg wkhlu zrunhuv qrw hpsor|hg lq vhfwru / zkr hlwkhu qg d mre hovhzkhuh
lq wkh hfrqrp| zlwk suredelolw|  ru kdyh wr uho| rq xqhpsor|phqw ehqhwv
zlwk suredelolw|    1 Djdlq/  ghqrwhv djjuhjdwh hpsor|phqw dqg wkh
phdvxuh ri wkh oderu irufh lv qrupdol}hg wr rqh1 Ixuwkhupruh/ wkh xqlrq
lv dvvxphg wr eh ulvn dyhuvh/ wkh frh!flhqw ri ulvn dyhuvlrq ehlqj htxdo wr
 : f1
Wkh vxusoxv ri wkh up  lv jlyhq e| wkh glhuhqfh lq rxwsxw iurp +4, dqg
oderu frvwv=
Z ' +  E n  ? +;,
6
Jrhunh2Pdgvhq +4<<<, dovr dqdo|vh wkh hhfwv ri hduqlqjv0uhodwhg ehqhwv lq d xqlrq0
l}hg hfrqrp|1 Lq dgglwlrq wr rxu dqdo|vlv/ wkh| dovr frqvlghu wkh fdvh ri dq lqvlghu0
grplqdwhg xqlrq zkhuh rqo| wkh jdlq lq xwlolw| ri lwv hpsor|hg phpehuv lv frqvlghuhg1
Krzhyhu/ frqwudu| wr rxu vwxg|/ Jrhunh2Pdgvhq rqo| h{dplqh d sduwldo htxloleulxp dqg
gr qrw frqvlghu wkh hhfwv ri d fkdqjh lq xqhpsor|phqw ehqhw sd|phqwv rq wkh jryhuq0
phqw exgjhw dqg wkh wd{ udwh/ dqg khqfh/ oderu ghpdqg1
:
Wkh zdjh lv ghwhuplqhg e| ghfhqwudol}hg Qdvk edujdlqv=
 ' @h}4@ ET  T 
B
Z
3B
 c +<,
zkhuh B ghqrwhv wkh edujdlqlqj srzhu ri wkh xqlrq dqg wkh xqlrq*v idoo0edfn
srvlwlrq T lv wkh xwlolw| ri wkh xqlrq li hpsor|phqw dprqj lwv phpehuv lv
}hur/ ? ' f +wkh idoo0edfn srvlwlrq ri wkh up lv wkh fdvh ri qr surgxfwlrq
dqg/ khqfh/ }hur surwv,1
Lq htxloleulxp/ doo xqlrqv dqg upv duh htxdo vr wkdw wkh| zloo qhjrwldwh
wkh vdph hpsor|phqw ohyhov ? '  dqg zdjhv  '  +dvvxplqj wkdw
wkh phdvxuh ri xqlrqv lv htxdo wr rqh,1 Zh zloo uhvwulfw rxu dwwhqwlrq wr d
surgxfwlrq ixqfwlrq +4, ri wkh Free0Grxjodv irup/ j ' 1 Lq wklv fdvh/ wkh
vxevwlwxwlrq ri +:, dqg +;, lqwr wkh vroxwlrq ri +<, lpsolhv wkh iroorzlqj zdjh
htxdwlrq=
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+43,
Wkh hhfwv ri d ulvh ri i rq htxloleulxp hpsor|phqw dqg zdjhv duh vwudljkw0
iruzdug dqg fdq hdvlo| eh xqghuvwrrg e| lqvshfwlrq ri wkh pd{lpl}dwlrq
frqglwlrq iru wkh Qdvk edujdlq/ B
ET3T 

T3T
n E  B
Z

Z
' f/ zkhuh wkh ghuly0
dwlyhv ET  T 
 dqg Z duh wdnhq zlwk uhvshfw wr wkh zdjh 1 Dvvxph 
wr eh wkh rswlpdo zdjh udwh iru dq lqlwldo hduqlqjv0uhodwhg frpsrqhqw i ri
xqhpsor|phqw ehqhwv1 Dq lqfuhdvh ri i iru frqvwdqw K uhgxfhv ET  T 

iru wkh zdjh udwh  ehfdxvh wkh idoo0edfn srvlwlrq ri wkh xqlrq phpehu lp0
suryhv dv zhoo1 Dv K uhpdlqv frqvwdqw/ krzhyhu/ TT grhv qrw fkdqjh1 Wkh
surwv ri wkh upv +dqg wkh ghulydwlyh zlwk uhvshfw wr wkh zdjh udwh, duh
dovr xqdhfwhg e| d fkdqjh lq i iru jlyhq zdjh ohyho 1 Dv d frqvhtxhqfh/
wkh uhodwlyh orvv ri wkh xqlrq/  ET3T 

T3T
/ iroorzlqj d ghfuhdvh lq wkh zdjh udwh
ehorz wkh ohyho  lv vpdoohu wkdq wkh uhodwlyh jdlq iurp dq lqfuhdvh lq surwv
iru wkh up1 Pruh lqwxlwlyho|/ wkh up wdnhv lqwr frqvlghudwlrq wkdw d ghfolqh
lq zdjhv dovr uhvxowv lq d orzhu idoo0edfn srvlwlrq ri wkh xqlrq +frpsduhg wr
wkh fdvh zlwk orzhu hduqlqjv0uhodwhg xqhpsor|phqw ehqhwv, dqg khqfh d
kljkhu jdlq iurp hpsor|phqw iru wkh xqlrq1
Uhvxow 5= Lq sduwldo htxloleulxp/ d pruh surjuhvvlyh lqgh{dwlrq
ri xqhpsor|phqw ehqhwv wr suhylrxv lqglylgxdo oderu hduqlqjv
;
zklfk nhhsv xqhpsor|phqw ehqhwv frqvwdqw uhvxowv lq d ghfuhdvh
ri xqhpsor|phqw   dqg zdjhv 1 Ixuwkhupruh/ erwk xqlrq
xwlolw| dqg surwv lqfuhdvh1
Surri=
+4,/ +5,/ +:,/ +;,/ +43, wrjhwkhu zlwk e @ E . &z duh vl{ vlpxowdqhrxv
htxdwlrqv lq wkh hqgrjhqrxv yduldeohv Q / z/ |/ E/ Y dqg 1 Iurp
wkh htxdwlrq v|vwhp/ zh fdq hdvlo| ghulyh wkh sduwldo ghulydwlyhv Y
Yi
/
Y+
Yi
/ Y
Yi
/ YZ
Yi
dqg YT
Yi
1
Qh{w frqvlghu wkh *jhqhudo htxloleulxp* fdvh zkhuh dgglwlrqdo jryhuqphqw
h{shqglwxuhv rq xqhpsor|phqw lqvxudqfh duh wr eh qdqfhg e| dq rvhwwlqj
lqfuhdvh lq oderu lqfrph wd{dwlrq vr wkdw wkh jryhuqphqw exgjhw edodqfhv=
KE   '  +44,
Lq *jhqhudo htxloleulxp*/ wkh hhfw ri d ulvh lq i lv qrw xqdqlprxv dq|pruh=
Djdlq kljkhu lqgh{dwlrq fhwhulv sdulexv uhvxowv lq ihzhu ehqhw sd|phqwv
dqg d srvlwlyh frqwulexwlrq edvh hhfw rq wkh wd{deoh oderu lqfrph dv xq0
hpsor|phqw ghfolqhv1 Krzhyhu/ wkh idoo lq wkh lqglylgxdo jurvv oderu lqfrph
gxh wr wkh idoo lq zdjhv uhgxfhv wd{deoh lqfrph shu fdslwd dqg frxog hyhq
pdnh d kljkhu xqhpsor|phqw lqvxudqfh frqwulexwlrq udwh qhfhvvdu|1 Dv wklv
dpeljxlw| fdqqrw eh vroyhg dqdo|wlfdoo|/ zh kdyh frpsxwhg wkh frpsdudwlyh
vwdwlfv iru +4,/ +5,/ +:,/ +;,/ +43,/ +44, wrjhwkhu zlwk K '  n i lq wkh
hqgrjhqrxv yduldeohv  / / +/ / T/ Z/ dqg  dqg hydoxdwhg wkh uhvxowlqj
sduwldo ghulydwlyhv iru vwdqgdug qxphulfdo sdudphwhu ydoxhv +vhh dsshqgl{ iru
ghwdlov,1 D jhqhudo vwdwhphqw fdq wkhq eh pdgh wkdw iru d *qrupdo* udwh ri
hpsor|phqw  +l1h1  : fc D, dqg hpslulfdoo| revhuydeoh ydoxhv ri k +l1h1
k durxqg 3/6, dqg K* +l1h1 K* durxqg 3/9,/ wkh srvlwlyh hhfw ri kljkhu
hpsor|phqw uhodwlyh wr wkh qhjdwlyh hhfw ri wkh orzhu zdjh udwh rq wkh wd{
edvh suhydlov vxfk wkdw wkh XL frqwulexwlrq udwh  lv vpdoohu lq d kljk lqgh{0
dwlrq htxloleulxp1 Wklv ohdgv lq wxuq wr dq lqfuhdvh lq oderu ghpdqg dqg
vwuhqjwkhqv wkh srvlwlyh hpsor|phqw hhfw ri lqgh{dwlrq1 Wkrxjk zdjhv zloo
vwloo eh orzhu wkdq iru ohvv lqgh{dwlrq/ wkh ulvh lq hpsor|phqw zloo dovr ohdg
wr dq lqfuhdvh ri wkh xwlolw| iru wkh xqlrq1
D qrupdwlyh dqdo|vlv ri xqhpsor|phqw lqvxudqfh lv frpsolfdwhg e| wkh suhv0
hqfh ri xqlrqv1 Lq wkh frpshwlwlyh fdvh/ surwv duh }hur vxfk wkdw lw lv
vwudljkwiruzdug wr phdvxuh zhoiduh e| dyhudjh krxvhkrog xwlolw|1 Lq wkh
<
suhvhqw fdvh/ krzhyhu/ wkh zdjh h{fhhgv wkh pdujlqdo surgxfw ri oderu dqg
surwv duh qrw lqghshqghqw ri wkh hduqlqjv0uhodwhg frpsrqhqw i ri xqhp0
sor|phqw ehqhwv1 Dv krxvhkrogv duh wkh xowlpdwh rzqhuv ri wkh upv/ zh
vlpso| xvh T n Z dv rxu phdvxuh ri zhoiduh1 6 lv vhw htxdo wr rqh vr wkdw
hyhu| zrunhu lv d phpehu ri d xqlrq1 Dv  dqg  pryh lq rssrvlwh gl0
uhfwlrqv/ wkh hhfw ri fkdqjh lq i rq wkh xqlrq*v remhfwlyh ixqfwlrq T/ wkh
zdjh wd{  dqg surwv Z lv qrw vwudljkwiruzdug1 Krzhyhu/ lq rxu qxphulfdo
h{dpsohv +vhh wkh dsshqgl{,/ lw wxuqv rxw wkdw zhoiduh lqfuhdvhv lq doo fdvhv
frqvlghuhg1 Lq jhqhudo htxloleulxp/ erwk xqlrq xwlolw| dqg surwv jr xs dv
zdjhv lqfuhdvh exw oderu frvwv ghfuhdvh +gxh wr orzhu wd{dwlrq,1
8 Vhdufk xqhpsor|phqw
Oderu pdunhwv duh vxemhfw wr iulfwlrqv dqg fkdudfwhul}hg e| wzr0vlghg vhdufk1
Wlph dqg wudqvdfwlrq frvwv duh lqyroyhg lq rughu wr pdwfk ydfdqflhv zlwk
vhdufklqj djhqwv1 Wkh qxpehu ri djjuhjdwh pdwfkhv lv dq lqfuhdvlqj ixqf0
wlrq ri erwk djjuhjdwh ydfdqflhv  dqg djjuhjdwh vhdufklqj djhqwv    /
dvvxplqj wkdw doo xqhpsor|hg djhqwv duh vhdufklqj zlwk wkh vdph lqwhqvlw|1
Pruh irupdoo|/ wkh qxpehu ri mre pdwfkhv  lv ghvfulehg e| wkh iroorzlqj
frqvwdqw0uhwxuqv wr vfdoh whfkqrorj|=
 ' >E#3#c f 	 # 	  +45,
Zh ghqh w ' E* wr eh wkh udwlr ri wkh qxpehu ri vhdufklqj djhqwv dqg
wkh qxpehu ri ydfdqflhv lpso|lqj wkh mre oolqj suredelolw| ^Ew  * '
>w
3# dqg wkh mre qglqj suredelolw| w^Ew *E   ' >w3#1
Ilupv duh vxemhfw wr lglrv|qfudwlf qhjdwlyh vkrfnv zklfk duulyh dw d frqvwdqw
udwh r1 Li wkh up lv vxemhfw wr wkh vkrfn/ zrunhuv kdyh wr eh glvplvvhg dqg
hqwhu wkh xqhpsor|phqw srro1 Li  ghqrwhv djjuhjdwh hpsor|phqw/ wkh  rz
r ri djhqwv hqwhu xqhpsor|phqw hdfk shulrg1 Wkh  rz lqwr hpsor|phqw lv
htxdo wr >w3#E1 Lq htxloleulxp/ wkh  rz lqwr hpsor|phqw lv htxdo wr
wkh  rz rxw ri hpsor|phqw lpso|lqj wkh Ehyhulgjh htxdwlrq=
 '
r
rn >w3#
 +46,
Dv rxu zdjh htxdwlrq lv voljkwo| glhuhqw iurp wkh rqh ghulyhg e| Slvvdulghv
+4<<;,/ zh zloo ghvfuleh wkh zdjh ghwhuplqdwlrq lq rxu hfrqrp| lq pruh
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ghwdlo1 Srvwlqj d ydfdqf| frvwv wkh up S shu xqlw shulrg1 Ohw T dqg a ghqrwh
wkh h{shfwhg uhwxuq iurp d ydfdqw mre dqg iurp d oohg mre/ uhvshfwlyho|/
vdwlvi|lqj =
oT ' Sn ^EwEa  T c +47,
oa ' +  E n    rEa  T c +48,
zkhuh o ghqrwhv wkh lqwhuhvw udwh1 Lq +47,/ wkh fdslwdo pdunhw uhwxuq ri d
ydfdqw mre/ oT / lv htxdo wr wkh h{shfwhg fdslwdo jdlq ^EwEa  T  iurp oolqj
d ydfdqf| plqxv wkh ydfdqf| frvw S1 Lq +48,/ wkh fdslwdo uhwxuq iurp d
oohg ydfdqf|/ oa / lv htxdo wr wkh zrunhu*v pdujlqdo surgxfw/ +/ plqxv klv
oderu frvwv/ E n  / dqg wkh h{shfwhg orvv iurp wkh ghvwuxfwlrq ri wkh mre/
rEa  T 1 Lq htxloleulxp/ upv zloo rhu ydfdqf| xqwlo wkh h{shfwhg uhwxuq
iurp d ydfdqw mre lv }hur/ T ' f/ lpso|lqj=
a '
S
^Ew
 +49,
Vlploduo|/ wkh zrunhu*v h{shfwhg uhwxuq iurp xqhpsor|phqw L dqg hpsor|0
phqw . vdwlvi|=
oL '  n i n w^EwE.  Lc +4:,
o. '   rE.  L c +4;,
zkhuh wkh zrunhu uhfhlyhv oderu lqfrph  +frpshqvdwhg lqfrph  n i, li
hpsor|hg +xqhpsor|hg,1
Zdjhv uhvxow iurp ghfhqwudol}hg edujdlqlqj ehwzhhq wkh up dqg wkh zrunhu1
Erwk wkh up dqg wkh zrunhu uhfhlyh d uhqw iurp d vxffhvvixo pdwfk1 Pruh
vshflfdoo|/ wkh zdjh lv ghwhuplqhg e| Qdvk edujdlqlqj zklfk pd{lpl}hv d
surgxfw ri zhljkwhg vxusoxvhv ri wkh krxvhkrog dqg wkh up=
 ' @h} 4@ E.  L 
qEa  T 3qc +4<,
zkhuh wkh edujdlqlqj srzhu ri wkh zrunhuv lv ghqrwhg e| q zlwk f 	 q 	 1
Wkh uvw0rughu frqglwlrq ri wkh pd{lpl}dwlrq sureohp lv jlyhq e|=
.  L ' "
q
E qE n  
ac +53,
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zlwk " ' onrn^Ew
onrnw^Ew
17 Iru d surgxfwlrq ixqfwlrq ri wkh Free0Grxjodv fdvh/
j ' / vxevwlwxwlrq ri +49,/ +4:, dqg +4;, lqwr +53, lpsolhv wkh zdjh htxdwlrq=
 '
o n rn >w3#
o n rn >w3#
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Lq dgglwlrq/ oderu ghpdqg ri wkh up lv dhfwhg e| wkh suhvhqfh ri ydfdqf|
frvwv +vhh Slvvdulghv/ 4<<3, lpso|lqj +iru j ' ,=
E  k
+

 E n  
o n r
>
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# ' f +55,
Wkh hhfwv ri d ulvh lq i iru frqvwdqw xqhpsor|phqw ehqhwv K duh vlplodu
wr wkh rqh lq wkh fdvh ri d xqlrql}hg hfrqrp| dv suhvhqwhg lq wkh suhylrxv
vhfwlrq1 Lq sduwlfxodu/ upv frqvlghu wkh fxw lq wkh idoo0edfn srvlwlrq ri
zrunhuv iroorzlqj d ghfuhdvh ri qhjrwldwhg zdjhv1 Li zh qhjohfw dq| hhfwv
iurp ixqglqj ri xqhpsor|phqw frpshqvdwlrq/ zdjhv idoo dv d frqvhtxhqfh ri
wkh kljkhu hduqlqjv0uhodwhg frpsrqhqw ri xqhpsor|phqw lqvxudqfh1
Uhvxow 6= Lq sduwldo htxloleulxp/ d pruh surjuhvvlyh lqgh{dwlrq
ri xqhpsor|phqw ehqhwv wr suhylrxv lqglylgxdo oderu hduqlqjv
uhvxowv lq d ghfuhdvh ri zdjhv  dqg dq lqfuhdvh ri hpsor|phqw
 dqg rxwsxw +1
Surri=
+4,/ +55,/ e @ E.&z/ +49,/ +4;,/ +4:, dqg +54, duh vhyhq vlpxowdqhrxv
htxdwlrqv lq wkh hqgrjhqrxv yduldeohv Q / z/ |/ E/ M / H dqg X 1 Iurp
wkh htxdwlrq v|vwhp/ zh fdq hdvlo| ghulyh wkh sduwldo ghulydwlyhv Y
Yi
/
Y+
Yi
/ Y
Yi
/ Ya
Yi
/ Y.
Yi
dqg YL
Yi
1
Lq dqdorj| wr wkh xqlrq prgho/ li wkh XL exgjhw frqvwudlqw +44, lv wdnhq lqwr
frqvlghudwlrq/ d kljkhu lqgh{dwlrq htxloleulxp lv lq xhqfhg e| wkh uhdfwlrq
ri wkh wd{ edvh wr d fkdqjh lq i1 Dv wkhuh lv qr dqdo|wlfdo dqvzhu derxw
wkh vljq ri wkh hhfw/ zh kdyh djdlq hydoxdwhg wkh sduwldo ghulydwlyhv iurp
frpsdudwlyh vwdwlfv dqdo|vlv ri +4,/ +55,/ K ' ni/ +49,/ +4;,/ +4:,/ +54, dqg
+44,1 Iru wkh fkrlfh ri qxphulfdo sdudphwhuv +vhh wkh dsshqgl{ iru ghwdlov,/
7
Rxu htxdwlrq +53, glhuv iurp htxdwlrq +D1:, lq Slvvdulghv +4<<;,1 Lq sduwlfxodu/ wkh
wzr htxdwlrqv rqo| frlqflgh iru " ' 1
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lw wxuqv rxw wkdw/ dv djjuhjdwh hpsor|phqw lqfuhdvhv/ wkh ghfuhdvh lq wkh
h{shqglwxuhv rq xqhpsor|phqw frpshqvdwlrq lv pruh surqrxqfhg wkdq wkh
fkdqjh lq wkh wd{ edvh1 Frqvhtxhqwo|/ wkh zdjh wd{ udwh  lv uhgxfhg dqg
upv lqfuhdvh oderu ghpdqg dqg elg xs zdjhv vr wkdw wkh wrwdo hhfw ri d
ulvh lq i rq zdjhv  lv hyhq srvlwlyh1
Dv rxu phdvxuh ri zhoiduh ` / zh xvh wkh vxp ri djjuhjdwh ydoxh ri upv
soxv wkh djjuhjdwh ydoxh ri hpsor|hg dqg xqhpsor|hg djhqwv/ `  a n
.nEL 1 Dv wkhuh duh vhyhudo frxqwhuedodqflqj hfrqrplf irufhv zklfk
lq xhqfh zhoiduh/ rqo| d qxphulfdo looxvwudwlrq lv srvvleoh1 Iru rxu fkrlfh ri
sdudphwhuv/ d kljkhu lqgh{dwlrq ri XL kdv vx!flhqwo| srvlwlyh hpsor|phqw
dqg rxwsxw hhfwv wr ryhu0frpshqvdwh wkh xwlolw| orvv wkdw zrunhuv idfh eh0
fdxvh ri orzhu zdjhv1 Lq jhqhudo htxloleulxp/ wklv hhfw lv uhlqirufhg e| orzhu
wd{dwlrq1 Dffruglqjo|/ rxu uhvxowv vxjjhvw wkdw kljkhu lqgh{dwlrq pljkw eh
zhoiduh0lpsurylqj lq wkh suhvhqfh ri vhdufk xqhpsor|phqw1
9 H!flhqf| zdjhv
Lq prghov ri h!flhqf| zdjhv/ wkh hpsor|hu lv rhulqj wkh zrunhu d suhplxp
ryhu wkh frpshwlwlyh zdjh lq rughu wr prwlydwh klp wr vxsso| pruh hhfwlyh
oderu1 Wkh prgho suhvhqwhg lq wklv vhfwlrq lv exlow rq wkh zrun e| Vkdslur dqg
Vwljolw} +4<;7, dvvxplqj wkdw kljkhu zdjhv glvfrxudjh zrunhuv iurp vklunlqj
+vxsso|lqj }hur hruw,1
Ohw L / ./ .r dqg .?r ghqrwh wkh h{shfwhg uhwxuqv iurp xqhpsor|phqw/
hpsor|phqw/ vklunlqj dqg qrw vklunlqj/ uhvshfwlyho|1 Wkh uhwxuq ri dq xq0
hpsor|hg zrunhu lv jlyhq e| klv xqhpsor|phqw frpshqvdwlrq K '  n i
dqg wkh h{shfwhg jdlq iurp qglqj d mre=
oL '  n i n
r

E.  L +56,
Djdlq/  lv djjuhjdwh hpsor|phqw/ r ghqrwhv wkh mre vhsdudwlrq udwh/ dqg
   lv wkh qxpehu ri xqhpsor|hg zrunhuv1 Dffruglqjo|/ wkh mre qglqj
suredelolw| lv jlyhq e| r
3
1
Li wkh zrunhu lv hpsor|hg/ kh fdq hlwkhu vklun vxsso|lqj }hur hruw ru kh grhv
qrw vklun vxsso|lqj hruw e1 Li kh vklunv/ kh jhwv ghwhfwhg zlwk suredelolw|
^ dqg lv uhg/ rwkhuzlvh kh uhfhlyhv wkh vdph zdjh  dv wkh qrq0vklunlqj
zrunhu lpso|lqj=
o.
?r '   e r E.?r  L c +57,
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r '   Er n ^ E.r  L   +58,
Wkh up vhwv zdjhv  lq rughu wr lqgxfh wkh djhqw wr vxsso| hruw e1 Krz0
hyhu/ wkh up rzqhu kdv qr lqfhqwlyh wr udlvh wkh uhwxuq ri wkh qrq0vklunlqj
djhqw ixuwkhu deryh wkh uhwxuq ri wkh vklunlqj djhqw lpso|lqj=
.
?r ' .r  .c +59,
dqg/ wrjhwkhu zlwk +56,/ +57, dqg +58,=
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zklfk frqvwlwxwhv wkh *qr vklunlqj* frqglwlrq1 Iurp +5:, lw lv fohdu wkdw wkh
h!flhqf| zdjh kdv wr frpshqvdwh wkh zrunhu iru klv rssruwxqlw| frvwv oL
dqg/ dgglwlrqdoo|/ lqfoxghv d suhplxp iru wkh idfw wkdw kh zloo h{huw dq| hruw
dw doo1 Pruh h{solflwo|/
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Htxdwlrq +5;, lpsolhv wkdw wkhuh lv d srvlwlyh uhodwlrqvkls ehwzhhq wkh h!0
flhqf| zdjh dqg wkh ohyho ri xqhpsor|phqw ehqhw +ghwhuplqhg e| i dqg ,1
Krzhyhu/ wkh htxloleulxp zdjh  grhv qrw ghshqg rq wkh irup ri lqgh{dwlrq
rq suhylrxv hduqlqjv1 Wkh uhdvrq lv wkdw/ frqwudu| wr wkh xqlrql}hg hfrqrp|
dqg wkh vhdufk htxloleulxp frqvlghuhg lq wkh suhylrxv wzr vhfwlrqv/ zdjhv duh
qrw edujdlqhg/ exw vhw xqlodwhudoo| e| wkh up zklfk rqo| kdv wr pdnh vxuh
wkdw lw sd|v dffruglqj wr +5:,1 Dv orqj dv wkh wrwdo dprxqw ri xqhpsor|phqw
ehqhwv K lv khog frqvwdqw/ oL zloo qrw fkdqjh dqg wkxv wkhuh lv qr qhhg wr
vhw d qhz h!flhqf| zdjh1 Wkhuhiruh/ wkh h!flhqf| zdjh htxloleulxp zloo eh
xqdhfwhg e| fkdqjhv lq wkh vwuxfwxuh ri XL ehqhw sd|phqwv1
Uhvxow 7= D pruh surjuhvvlyh lqgh{dwlrq ri xqhpsor|phqw ehqh0
wv wr suhylrxv lqglylgxdo oderu hduqlqjv zklfk nhhsv xqhpsor|0
phqw ehqhwv frqvwdqw kdv qr hhfw rq hpsor|phqw dqg zdjhv1
Surri=
+4,/ +55,/ e @ E . &z/ +44, dqg +5;, duh yh vlpxowdqhrxv htxdwlrqv
lq wkh hqgrjhqrxv yduldeohv Q / z/ |/ E dqg  1 Iurp wkh htxdwlrq
v|vwhp/ zh fdq hdvlo| ghulyh wkh sduwldo ghulydwlyhv Y
Yi
/ Y+
Yi
dqg Y
Yi
1
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Rxu uhvxow/ lq sduwlfxodu/ lv lqghshqghqw ri rxu dvvxpswlrq wkdw vklunlqj
zrunhuv uhfhlyh xqhpsor|phqw frpshqvdwlrq1 Hyhq li wkh jryhuqphqw lv
deoh wr glvwlqjxlvk zrunhuv zkr jrw glvplvvhg ehfdxvh ri plvvlqj hruw +dw
udwh ^, iurp wkrvh zkr jrw glvplvvhg ehfdxvh ri h{rjhqrxv mre ghvwuxfwlrq
+dw udwh r, dqg rqo| sd|v xqhpsor|phqw frpshqvdwlrq wr wkh odwwhu djhqwv/
d pruh surjuhvvlyh lqgh{dwlrq ri xqhpsor|phqw frpshqvdwlrq grhv qrw kdyh
dq| hhfwv rq wkh htxloleulxp doorfdwlrq18
: Frqfoxvlrq
Lq wklv sdshu/ zh kdyh lqyhvwljdwhg wkh hhfwv ri dq lqgh{dwlrq ri xqhpsor|0
phqw ehqhwv wr suhylrxv hduqlqjv lq irxu glhuhqw oderu pdunhw vhwwlqjv/
qdpho|/ lq d frpshwlwlyh oderu pdunhw prgho/ d iudphzrun ri ghfhqwudol}hg
xqlrq edujdlqlqj ryhu zdjhv/ d oderu pdunhw zlwk vhdufk iulfwlrqv dqg dq h!0
flhqf| zdjh prgho1 E| fdofxodwlqj frpsdudwlyh vwdwlfv iru sduwldo htxloleulxp
+l1h1 zlwkrxw lpsrvlqj dq| qdqfh uhvwulfwlrqv rq xqhpsor|phqw lqvxudqfh
h{shqglwxuhv, zh qg wkdw/ iru d jlyhq ehqhw ohyho/ d kljkhu lqgh{dwlrq ri
XL ehqhwv uhvxowv lq orzhu zdjhv dqg wkxv kljkhu hpsor|phqw lq wkh uvw
wkuhh fdvhv19 D fkdqjh lq wkh vwuxfwxuh ri wkh XL sd|phqwv lv vkrzq wr kdyh
qr hhfw lq wkh h!flhqf| zdjh prgho1
Lq d *jhqhudo htxloleulxp* frqwh{w +zkhuh dgglwlrqdo h{shqglwxuh rq xqhp0
sor|phqw lqvxudqfh duh wr eh qdqfhg e| dq lqfuhdvh ri oderu lqfrph wd{hv,/
wkhuh duh qr fohdu0fxw dqdo|wlfdo dqvzhuv wr wkh txhvwlrq ri wkh lpsdfw ri
kljkhu lqgh{dwlrq1 Gxh wr d qhjdwlyh hhfw rq wkh zrunhuv* frqwulexwlrq wr
xqhpsor|phqw lqvxudqfh fdxvhg e| srwhqwldoo| orzhu zdjhv/ d udlvh lq wkh
frqwulexwlrq wd{ udwh pljkw eh qhfhvvdu| uhvxowlqj lq dq lqfuhdvh ri oderu
frvwv/ wkxv srwhqwldoo| rvhwwlqj wkh srvlwlyh hpsor|phqw hhfw ri d kljkhu
lqgh{dwlrq1 Lq rughu wr jdlq vrph lqvljkw/ zh kdyh hydoxdwhg wkh gluhfwlrq ri
d fkdqjh ri wkh hqgrjhqrxv yduldeohv e| xvlqj d vhw ri sdudphwhuv zklfk kdyh
ehhq surplqhqwo| dssolhg lq oderu pdunhw uhvhdufk1 Lq wkh fdvh ri frpshwlwlyh
oderu pdunhwv/ xqlrq edujdlqlqj dqg vhdufk iulfwlrqv/ wkh kljkhu lqgh{dwlrq
htxloleulxp lv vwloo dvvrfldwhg zlwk d kljkhu hpsor|phqw ohyho1 Lq wkh fdvh
ri wkh vhdufk xqhpsor|phqw prgho/ wkh kljkhu hpsor|phqw htxloleulxp fdq
hyhq eh vxvwdlqhg dowkrxjk wkh upv sd| kljkhu zdjhv1 Lq vhdufk htxlole0
8
Wkh ghulydwlrq ri wklv uhvxow lv dydlodeoh iurp wkh dxwkruv xsrq uhtxhvw1
9
Qrwh wkdw wkh vlplodulw| lq rxwfrphv ri wkh xqlrq dqg wkh vhdufk prgho lv qrw vxusulvlqj
dv wkh edujdlqlqj phfkdqlvp lv wkh vdph1
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ulxp zlwk kljkhu hpsor|phqw/ upv idfh d kljkhu suredelolw| wr oo d ydfdqf|
dqg khqfh uhgxfhg ydfdqf| frvwv1 Lq frqfoxvlrq/ rxu uhvxowv vxjjhvw wkdw zh
vkrxog eh fduhixo wr gudz up srolf| frqfoxvlrqv iurp vwxglhv zklfk wuhdw
wkh XL ehqhwv dv h{rjhqrxv dqg wkdw zh vkrxog fduhixoo| glvwlqjxlvk dprqj
glhuhqw lqvwlwxwlrqdo ihdwxuhv ri wkh oderu pdunhw1
; Dsshqgl{
;14 Frpshwlwlyh oderu pdunhwv
Wkh fdofxodwlrq lv fduulhg rxw iru wkuhh glhuhqw sdudphwhu frpelqdwlrqv1 Lq
doo wkuhh fdvhv/ wkh uhsodfhphqw udwlr zdv vhw dw K*? ' fS/ wkh lqgh{dwlrq
frh!flhqw dw i ' fe +wkh sdudphwhu fkrlfhv duh eurdgo| prwlydwhg e| wkh
Jhupdq v|vwhp, dqg/ iroorzlqj Slvvdulghv +4<<;, lq klv vkruw0uxq dujxphqw/
 ' & ' ( ' 1 Frqfhuqlqj wkh h{rjhqrxv hpsor|phqw suredelolw| R dqg
xwlolw| ri frqvxpswlrq h{srqhqw q/ zh fdofxodwh wkuhh fdvhv= +l, R ' fb/
q ' f./ +ll, R ' fb/ q ' fD/ dqg/ +lll, R ' f./ q ' fD1 Wkh vljqv ri wkh
ghulydwlyhv duh vkrzq lq wkh wdeoh 4 ehorz1
Wdeoh 4= Frpsdudwlyh vwdwlfv iru
frpshwlwlyh oderu pdunhwv
fdvh sduwldo2jhqhudo Y?
Yi
Y
Yi
Y.E|
Yi
Y
Yi
+l, sduwldo . 0 0
+l, jhqhudo . 0 . 0
+ll, sduwldo . 0 .
+ll, jhqhudo .  f .  f
+lll, sduwldo . 0 .
+lll, jhqhudo . 0 . 0
Qrwh wkdw iru doo qxphulfdo fdofxodwlrqv/ d Free0Grxjodv surgxfwlrq ixqfwlrq
lv xvhg/ l1h1 zh pdnh wkh lpsolflw dvvxpswlrq wkdw j ' 1
;15 Xqlrq zdjh edujdlqlqj
Wkh h{dpsoh zklfk zh frpsxwh iru wkh fdvh ri ghfhqwudol}hg xqlrq edujdlqlqj
dovr suhvxssrvhv d Free0Grxjodv surgxfwlrq ixqfwlrq/ l1h1 j ' 1 Wkh
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fdslwdo frh!flhqw lv vhw htxdo wr k ' f1 Zh dvvxph htxdo edujdlqlqj
vwuhqjwk iru wkh up dqg wkh xqlrq/ l1h1 B ' fD1 Xqhpsor|phqw lqvxudqfh
fkdudfwhulvwlfv duh wkh vdph dv iru wkh frpshwlwlyh fdvh/ h{fhsw wkdw wkh
uhsodfhphqw udwlr lv qrz K* udwkhu wkdq K*? +oderu vxsso| lv qrupdol}hg wr
rqh,1 Zh fdofxodwh wkh htxloleulxp iru glhuhqw ghjuhhv ri ulvn dyhuvlrq lq wkh
xqlrq xwlolw| ixqfwlrq= +l, Prwlydwhg e| wkh hvwlpdwlrq ri Fduuxwk2Rvzdog
+4<;8,/ zh vhw wkh ulvn dyhuvlrq sdudphwhu dw  ' fH/ zklfk fruuhvsrqgv wr
dq hpsor|phqw dssur{lpdwho| htxdo wr   f.1 +ll, Iru frpsdulvrq/ wkh
fdvh ri d ulvn0qhxwudo up lv dovr fdofxodwhg/ l1h1 zlwk  ' f1 Lq wklv fdvh/
htxloleulxp hpsor|phqw lv derxw 43 shufhqwdjh srlqwv orzhu1 Krzhyhu/ wkh
uhvxowv duh txdolwdwlyho| wkh vdph zklfk fdq eh vhhq iurp wdeoh 51
Wdeoh 5= Frpsdudwlyh vwdwlfv iru
ghfhqwudol}hg xqlrq zdjh edujdlqlqj
fdvh sduwldo2jhqhudo Y
Yi
Y
Yi
YT

Yi
YZ

Yi
Y`
Yi
Y
Yi
+l, sduwldo . 0 0 . .
+l, jhqhudo . 0 . . . 0
+ll, sduwldo . 0 0 . .
+ll, jhqhudo . 0 . . . 0
;16 Vhdufk xqhpsor|phqw
Iru wkh qxphulfdo h{dpsohv/ xqhpsor|phqw lqvxudqfh lv djdlq dvvxphg wr
kdyh d uhsodfhphqw udwlr ri 319 dqg dq lqgh{dwlrq frh!flhqw ri 3171 Shul0
rgv fruuhvsrqg wr |hduv1 Iroorzlqj Slvvdulghv +4<<;,/ wkh vhsdudwlrq udwh r
dprxqwv wr 315 zkloh > ' 1 Zh frqvlghu wzr fdvhv zlwk orz dqg kljk
xqhpsor|phqw/ +l,  ' f. dqg +ll,  ' fb/ uhvshfwlyho|1 Ydfdqf| frvwv S
duh fdoleudwhg lq rughu wr jxdudqwhh wkh fkrvhq ohyho ri hpsor|phqw +S ' feD
dqg S ' fD2 lq fdvh +l, dqg +ll,/ uhvshfwlyho|,1 Wkh pdwfklqj sdudphwhu lv vhw
dw # ' fD lq dffrugdqfh zlwk hpslulfdo vwxglhv ri Eulwlvk gdwd e| Slvvdulghv
+4<;9, dqg XV gdwd e| Eodqfkdug2Gldprqg +4<;<,/ uhvshfwlyho|1 Wkh dqqxdo
uhdo lqwhuhvw udwh lv vhw htxdo wr o ' ffD +uhvxowv duh txdolwdwlyho| wkh vdph
iru o ' ff,1 Hpsor|hu dqg zrunhu kdyh htxdo edujdlqlqj vwuhqjwk +l1h1
q ' fD,1 Djdlq/ uhvxowv gr qrw ydu| pxfk ryhu hpsor|phqw ohyhov +frpsduh
wdeoh 6,1
4:
Wdeoh 6= Frpsdudwlyh vwdwlfv iru
vhdufk xqhpsor|phqw
fdvh sduwldo2jhqhudo Y
Yi
Y
Yi
Yw
Yi
Y`
Yi
Y
Yi
+l, sduwldo . 0 . .
+l, jhqhudo . . . . 0
+ll, sduwldo . 0 . .
+ll, jhqhudo . . . . 0
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